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Abstract. Non-conformally flat space-times admitting a non-null Killing spinor 
of valence two are investigated in the Geroch-Held-Penrose formalism. Contrary 
to popular belief these space-times are not all explicitly known. It is shown that 
the standard construction hinges on the tacit assumption that certain integrability 
conditions hold, implying two algebraic relations, KSi and KS2, for the spin 



coefficients and the components of the Ricci spinor. An exhaustive list of (conformal 
classes of) space-times, in which either KSi or KS2 are violated, is presented. The 
, resulting space-times are each other's Sachs transforms, in general admit no Killing 

^ ' vectors and are characterized by a single arbitrary function. 

m ■ 

PACS numbers: 04.20.Jb 

O . 

0\ , 1. Introduction 

O 

The concept of a Killing spinor has its origins in the work of Walker and Penrose [3l] 
^ ■ who, in the class Vq of Petrov type D solutions of Einstein's vacuum field equations with 
■ cosmological constant, demonstrated the existence of a valence two symmetric spinor 
Xab, satisfying the conformally invariant (twistor) equation 

Va'{a-^bc) = 0. (1) 

The original significance of such a spinor is that its existence in a space-time (A^, g) 
determines a constant of the motion along any null geodesic. The existence of this 
constant of the motion in Vq may be equivalently derived from the separability of the 
Hamilton- Jacobi equation for the null geodesies therein [5]. Introducing the two- form 
Dab = Xab^a'b'+Xa'b'^ab^ called a conformal Killing- Yano (CKY) tensor, the equation 
corresponding to (P) reads [I2l [29] 

or, equivalently [1], 

?>VcDab = SVlcDab] - 2VdD\agb\c. (3) 
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As a consequence these space-times are also frequently called CKY space-times [TO] . 
When the right hand side of ^ vanishes, Dab is called a Killing- Yano tensor or a 
Penrose-Floyd tensor [25]. This happens if and only if Xab satisfies the additional skew 
Hermiticity condition 

V^A'^AB + '^a'^'Xa'B' = 0. (4) 

A space-time admitting a valence two Killing- Yano tensor will be called a KY space-time: 
all these have been determined explicitly [3, [H HH [25]. Note that a CKY space-time 
is not necessarily conformally related to a KY space-time, as examples in [T4] and [20] 
sho-ftljl. The square Kab = Da'' Deb of a KY tensor D is a Killing tensor (KT), namely a 
symmetric tensor satisfying the equation 

S/iaKbc) = (5) 

and giving rise to a quadratic first integral of the geodesic equation. Similarly the 
square of a CKY tensor is a conformal Killing tensor (CKT), namely a symmetric 
tensor satisfying 

^{aKbc) = g{abkc), (6) 

where kc is obtained by contraction of ([6]) with g"-'^. Conformal Killing tensors are of 
interest inasmuch as they give rise to quadratic first integrals for null geodesies. For the 
sequel it is worth noting that, if Kab is a conformal Killing tensor, then so is Kab + fdab 
with / an arbitrary function (both defining the same first integrals of the null geodesic 
equation). This implies that one can always assume Kab to be traceless, implying 
kc = IVmK'^c- Note that the converse of the property above not necessarily holds: not 
every (conformal) Killing tensor is the square of a (conformal) Killing- Yano tensor and 
conditions which a (C)KT space-time has to obey in order to be a (C)KY space-time 
have been discussed in [4] and [10]. These conditions are satisfied for example in those 
subclasses of the type D vacuum solutions and the aligned non-null Einstein-Maxwell 
solutions that admit a Killing tensor [Ul [H [28]. In [3l [TT] it was furthermore shown 
that every type D CKT space-time with a Killing tensor of Segre type [(11), (11)] is CKY. 

The Weyl spinor of a non-conformally flat space-time admitting a non-null valence 
two Killing spinor Xab is necessarily of Petrov type D with repeated principal spinors 
aligned with the principal spinors of Xab [2^, while the Weyl principal null directions 
deflne geodesic shear-fre^ null congruences. Henceforth I will call these KS space-times, 
to distinguish them from the more general CKY space-times, for which the Petrov type 
also can be N or O. Obviously, as ([T]) is conformally invariant, KS space-times can 
only be determined up to an arbitrary conformal transformation of the metric. KS 

I to add to the confusion spinors satisfying ([T]) were termed conformal Killing spinors in [2] and [5], 
while the name Killing spinor or Killing spin two-forms was reserved for spinors or their tensor analogues 
satifying also (HI). As explained in [14] it is better to refrain from this terminology. 
§ this property also holds ^ il5j for the two null eigendirections of any (conformal) KiUing tensor of 
Segre type [(11), (11)]). 
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space-times necessarily include all those which are conformally related to the Petrov 
type D KY space-times. The inclusion is strict: examples exist which satisfy ([T]) but 
not dH): they appear in the classes V and Vq of solutions of Einstein's electrovac and 
vacuum field equations with cosmological constant for a non-null aligned Maxwell field 
as the Kinnersley Case III solutions [5l[6]. A KS space-time always admits a conformal 
representant in which the trace of the associated conformal Killing tensor is constant. 
In this representant the conformal Killing tensor becomes a Killing tensor, but, by 
construction, has two constant eigenvalues (the reason why this is so will become clear 
in section 2). As the non-constancy of the eigenvalues plays an essential role in the 
construction of appropriate coordinates [l5l HH [23l El] and in the ensuing separability 
properties, one may ask whether a conformal transformation exists which preserves the 
existence of the Killing tensor and which leads to non-constant eigenvalues (the so-called 
non-singular Killing tensors (lEI)- In [Hj the answer to this question was taken to be 
affirmative, as a consequence of the tacit assumption of two integrability conditions, 
introduced in section 2 below as KSi and KS2- The resulting list of canonical line- 
elements of KS space-times therefore turned out to be incomplete. This was partially 
remedied in [20], where the extra line-elements were constructed which arise in the 'I-N 
family' of [T4|, defined by the vanishing of one of the spin coefficients p or /i. In the 
present paper the extra line-elements are constructed which arise in the general 'family 
r, defined by the non- vanishing of p, /i, vr and r, and by assuming that only one of the 
two integrability conditions KSi or KS2 holds. In order to fully exploit the symmetry 
provided by the alignment of the principal null directions of the Weyl and Killing spinor, 
the Geroch-Held-Penrose formalism |T3j is used throughout: the KSi and KS2 families 
are then each other's Sachs transforms |l3j. 



2. Preliminaries 



Writing the Killing spinor as Xab = Xo(aLb) and using o, i as the basis spinors for the 
GHP formalism, the components of ^ imply (see [14] for details) 

K = a = (7) 

and 

PX = -pX, (8) 

QX = -tX, (9) 

together with their 'primed versions' and X' = X, namely k' = a' = and P'X = —p'X, 
d'X = —t'X. >From ([7]), the application of the [3, P] commutator to X and the GHP 
equations one finds that the principal null directions of the Killing spinor and the Weyl 
spinor are aligned, i.e. \l/2 is the only non-vanishing component of the Weyl spinor. The 
equations ([7f8f9l) are invariant under conformal transformations g ^"^g, X flX 
and a conformal representant {J^,g) can be fixed by imposing |X| = 1. In the manifold 
{Ai,g) we have then 

p + p = p' + p' = f + f' = 0, (10) 
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while in the {A4,g) manifold with g = VL^g one has Vl? = XX. The cases r = r' = 
and p or p' = have been discussed in [T4] and [20], so henceforth p,p',T,T' will be 
taken ^ 0. 

Defining the trace-free tensor Pab = XabXa'b', or, with null vectors ia = oaoa', 
ria = la^a' and = oa~la', 

Pab = -^{m(amb) + £(an;,)), (11) 

one sees that Pab obeys the CKT equation (JH]). This implies that Pab will be the trace- 
free part of a Killing tensor Kabi provided a solution Kab = Pab + \Kgab exists of the 
KT equation ((51). Contraction implies the necessary and sufficient condition 

VaP\ + \ycK = (12) 
In component^ this becomes 

PK -n\p + ])) = ^, (13) 
gir + ^]2(7- + ^') = 0. (14) 

or, in terms of the eigenvalues a = (fi^ — K)/4: and b = (fi^ -\- K)/4: of 

Kcd = 2am(cmd) + 2bi(cnd) : (15) 

Pb = 0, (16) 
5a = 0. (17) 

By (Hini) and = XX this also implies 

Pa = -{a + b){p + p), (18) 
56 = -(a + 6)(r' + r), (19) 

such that (ll6fl7fl8lfT9ll alternatively can be written as 

da = -(a + 6) [(p + p)u;' + (p' + p')u:'] (20) 
db=-{a + b) [(r + t')u;' + (r + t')u;% (21) 

which exhibits clearly the relevance of the existence of a Killing tensor with non-constant 
eigenvalues for the construction of appropriate coordinates. It also becomes obvious 
now, as mentioned in the introduction, that all KS space-times admit at least one 
conformal representant (namely {Ai,g) or its constant re-scalings) in which a Killing 
tensor exists, but that by (fTOl) this particular Killing tensor has constant eigenvalues. 
// one assumes that there is a non-trivial conformal representant in which a and b are 
not both constants, i.e. if one assumes that non-constant solutions exist of the system 
(I16|17l) or (I20|2ip then extra integrability conditions result (namely dda = dd6 = 0). It 
is preferable to study these equations in the {A4,g) manifold, where the "symbol from 

II there is a sign difference with [14], which is probably due to the use of a different signature convention; 
I use (""Ha = 1 = —m°'7fia. The correspondence with the Newman-Penrose operators and the basis one- 
forms is taken as {m°',rn°',n°-, ^ {S,S, A, D) and (—ma, — rTTa, f^, n^) ^ o;^, u;^, w^) 
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here onwards will be dropped: the remaining spin coefficients are then p, p' and r = —r'. 
Under the conditions (|TOl) the integrability conditions for the system fl8]l9|l simplify to 

p'p - pp' = 0, (22) 

dr' - gV = 0, (23) 

Pt' - d'p = 0. (24) 

The GHP equations, together with the directional derivatives of ( fTOl l. reduce to the 
system 

Pp = 0, (25) 

gp = 2pr + <l>oi, (26) 

Pr = 2pr + $oi, (27) 
Sr = 0, (28) 

pp' - dr' = -pp' " rr - ^2 - -^R (29) 

and impose the following restrictions on the curvature: 

$00 = V,'^'02 = -r'. (30) 

All these equations are to be considered as being accompanied by their complex 
conjugates as well as their 'primed versions' (taking into account $qq = $22, '^'02 = "^20, 
^'iQ = $12 and ([Toll ). The remaining derivatives of the spin coefficients are related by 
fl22ll23D . while (EH) becomes an identity under (|26l[27f). Also (ES]) and ((291) imply that 
the real part of 

m2 = E + iH (31) 
can be written as 

E = -^-PP' + tt'. (32) 

It is advantageous now to introduce 0-weighted quantities u,v (real and with u' = u, 
v' = v) and 0, (complex) for the remaining curvature components as follows: 

R = S{u-v)- 16pp', (33) 

$11 = M + t; - 2pp', (34) 

$01 = -3pr - 2^4>. (35) 

T 

Under the ' operation this also implies $21 = Sp'r' — 2p'0'/r. 

The integrability conditions for the system f flGfTTll become then 

p'Pa - pP'a = (36) 

and 

r'db - rd'b = 0. (37) 
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Acting respectively with S and P,P' on (l36l l and (i37ll and eliminating the second 

order derivatives by means of the [S*- commutator relations, results in two more 
conditions, 

p'^'pa + p(j)P'a = (38) 

and 

r'^m + T(f)(5'b = 0. (39) 

All further derivatives being identically satisfied, the necessary and sufficient conditions 
for the existence of a non-constant 6 or a are now clearly seen to be given by 

KSi : 3 non-constant b + = 0' + 0' = 0, (40) 
KS2 : 3 non-constant a <^==^ + =0. (41) 

The corresponding space-times will henceforth be called KSi or KS2 respectively. While 
the set KSi fl KS2 has been dealt with in [T4] (both conditions tacitly being assumed 
to be valid), it is at present not known whether or not KSi U KS2 yields the full set 
of KS space-times. The purpose of the present paper is restricted to constructing all 
space-times in which only one of the two conditions is satisfied. As a consequence these 
space-times should belong to the sub-classes with one constant eigenvalue of the Hauser- 
Malhiot CKT space-times [16]. Actually, as it was proven in [HI [H] that every type D 
space-time admitting an aligned conformal Killing tensor of Segre type [(11), (11)] is 
necessarily CKY, it follows that {KSi \ KS2) U {KS2 \ KSi) ought to be exactly the set 
of Hauser-Malhiot space-times with one constant eigenvalue. As the metrics found in 
paragraphs 3 and 4 below contain only one arbitrary function, this raises some doubts 
about the correctness of the results in [16] . 

Introducing 0- weighted extension variables U (real) and V (complex), in accordance 
with (I22D, by 

Pp' = p'p = -iU, (42) 
t.V = p'(2^ + V.) + ,^^, (43) 

the Bianchi identities may be succinctly written in the following form: 

- 2^|rr-|0p), (44) 



90 = _i(2|r|^ + ^0(f/-if)-202), (45) 
r 

a'0 = -2^ - r'(20 + 20 + pp' ~2v + —PH), (46) 
T 2p 

Pu = p{<p-^-W), (47) 

= ^{(P-^)+it{H + 2U), (48) 
r 

m = 2ir(|r|2 + 2m - 4pp') - 2^^(20 + 20' + V). (49) 

t' 
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Again these equations are accompanied by their primed versions, taking into account 
U' = U,V' = V and H' = H. Applying the commutators involving P'p and using (l42l) 
yields two further relations, namely 

PU = 2ip{pp' + 2(j) + 2^-2v -2\t\'^), (50) 

m = -2t(^{2\T\^ + V). (51) 
t' 

Herewith all 'first level' integrability conditions on p, p', r, r' are identically satisfied. 
The next step is to construct the 'second level' integrability conditions by applying the 
commutators to 0, u, v, H and U. 

When neither of the conditions KSi nor KS2 hold, carrying out this procedure to 
the end results in a Pfaffian system for the involved variables, together with a set of 
algebraic relations among the latter. So far it has not been possible to complete the 
integrability analysis of this system. In the next two paragraphs all space-times will be 
constructed which belong to KSi \ KS2 or to KS2 \ KSi. 



3. KSi \ KS2 

Consider space-times in which condition KSi holds, but not KS2- A tedious but 
straightforward calculation, involving successive derivations of (l40ll and the 'second level' 
integrability conditions mentioned above, one obtains the following integrable system: 

Pp = 0, 

p'p = %{<p+n 

rr 



ap=4(|rp-2(/)), (52) 

T 



I>r=4(|rp-20), 
Sr = 0, 

gv = ^(0 + 0O + ^^, (53) 



2p 



T 



90 = ^[t(PH - 2\r\^ + ^(02 + 00') + 202] 



T \T 



S'0 = -[i(PH - 2|r|^ + ^(02 + 00') + 202], (54) 



T r 



PH = ^[2ipp'{2\r\^ + 00' - 02) + (^H + 4i\t\% (55) 



T 



m = -8«r(|r|2 + pp') - Ai(^{(f) - 0') - QtrE, (56) 



r 
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PE = 2ipH - 8p0 - 4f4^ (0 + (j)') , (57) 

r\ 

(rS' - t'(5)E = 4^(02 - ^ 2z^H{<f) - 0')- (58) 

Introducing 0-weighted real variables r and m by 

= Qpp', m = \t\ {Q = ±1) (59) 

and writing = iv?r~'^(f)Q^ 0' = m^r"^Xo, one sees that 0o, Xo are (imaginary) functions 
of r given by 



(60) 



dr dr r(0o + Xo) 
while (152II53P yield the exterior derivatives of r and m as 

dr = (00 + Xo)[-(-u.^ - -^') + Q-^' + ^^1, (61) 
r m r p r 

7 T in ^Tf) T n 

dm = -(2zQ(0o + xo) - i/)[-u;^ - -u'] + — [Q-Xo^' + -00^1- (62) 
2 m r r p r 

Note that the denominator in f l60l) is 7^ 0, as otherwise 0o = which is in contradiction 
with 00 being imaginary. Integrating (iGOll yields 

Xo = 0o-2ici, (63) 
(r'-C2)'-(0o-^Ci)2 = c? + c2, (64) 



Ci, C2 real constants with ci 7^ and |r^ — C2I < \Jc\-\- in order to have 0, 0' imaginary. 
By (fT6]l37l) one has 

d6 = z(-a;i - /g5^ 
m r 

and hence 

dr A dm A d6 = 2iBQ'^^^^^^^^{-u^^ A a;^ A 0;^ - -a;^ A cu^ A uj^) ^ 0, (66) 

r m T 

showing that one can use r, m and 6 as coordinates. As B satisfies the same equations 

f fT6f37l ) as b, it follows that B = B{b), allowing one to redefine b such that B = 1. 

Defining a fourth coordinate x by 

-(— o;^ H oj^) = hidb + /i2dr + /isdm + dx, (67) 

2 m r 



the equations (I55[56p imply 

dH = Si(&, m, r)d6 + {\QQc1mh2 + S2(&, T))dr 

— (16Qcim/i3 Q( 1 + 0o) _ iQQf^^jyi^f^rj.^ ^gg^ 

m 

showing that 

H = -IQQcimx + 2zQ(0o + xo) + mHo, (69) 

with Hq = HQ{b,r,m). It also follows that /12 is a freely specifiable function of b,r and 
m (using a translation of x). Choosing /12 = —mr /[4Qci{ci +i0o)], (1681 ) shows that 



Two special classes of space-times admitting a non-null valence two Killing spinor 9 



Hq = HQ{b,m), such that can be made by a further (6, m)-dependent translation 
of X. Herewith (l68l) eventually becomes 



dHo + uodb = (70) 

with 

Mo = IGQcihi -4:U- ]^Hl + IGQcixHo + 6m^ - USc^x^ + 12Qr^ (71) 

showing that Hq = Ho{b) and Uq = Uo{b). It remains to determine the function E (or 
u) from (I57|58l) in order to obtain hi from (ITB . One readily finds 

hi = ^-Q{4cix' + ^HF, (72) 

where F = F{b) can be made by a 6-dependent translation of x and a corresponding 
re-definition of Hq. This gives the following expression for the dual basis (p, 0o and xo 
being imaginary): 

T 1 iQmr Hqx ^ 2ici + Qw? 

— u; = dx + — — — dr + — AQcix d6, 73 

m 4ci(0o — "^cij 2 4ci 

1 3 iQ Am 00 dr r"^ Hq - Ami(j)o 

-u}'=—{ : )+Hv TT^ 2x)dD, (74) 

p 4ci m (po ~ "^Ci r sr^Ci 

pa; =— — m-2grxd6, 75 

4ci m xo + ^Ci r 8ci 

implying 

R= ~12{Qr^ + + E), (76) 

E = -2m2 - ^Qr^ + 32c?x2 + ^H^ - - AQc^xH^ - ^0oXo, (77) 
3 12 6 do 3r"' 

(ifo- 16gcia;)m + 2zQ(0o + Xo), (78) 
$00 = -p', (79) 

4 

$22 = (80) 
p2 



^ 9^ 2 7 2 3 4Q0oXo ..^x 
$11 = -2^^ -2"^ -2^ (81) 



$oi = ^(20o-3r2), (82) 



r 



$i2 = -^(2xo + 3r'), (83) 



$02 = -r'. (84) 



4. KS2\KSi 

The analysis of the space-times belonging to KS2 \ KSi proceeds along the same lines, 
but is greatly facilitated by noticing that the conditions (|16II17I) are transformed into 
each other under the Sachs [I3j asterisk operation = S, P'* = -S', 9* = -P, 9'* = P'. 
The same of course holds for the pairs of integrability conditions ( !36f37l l. (138f39l) . (I40f4ip . 
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This becomes obvious after writing down the Sachs-transforms of 0, and 0' (recall that 
complex conjugation and the Sachs-operation do not commute): 



PP' ^ ^f* PP' ^/ T* PP' T' T'* PP' T 



1 1~ I ^ ' I I ^ ' I T I 



(85) 



Defining coordinates r and m as in (l59l) one now finds = 0(m), with 

+ = 2ci^O, (86) 

and 

(0-Ci)2-(m2-c2)' = c?-ci (87) 

Here ci, C2 are real constants and — C2I < a/c^ — cf in order to obtain (l86|) . Without 
further ado the results are presented below (p and — Ci being imaginary): 

1 dr 0-2cidm AiQrcj) - m'^Ho 2 mi /oon 

rcj = — ( ■ ) + \-Q h tir + 2iQm x)\da, (88) 

4ci r - ci m ^ ^ 8ci ^ ^ ^ 

-uj-^ = -zQdx + --— -dm - 4cix^ - h Q)da, (89) 

p 4ci(0-ci) ^2 4ci ^ ^ ^ 

implying 

E = -2Qr' - ^m' + 32Qclx' + - ^Qc.xH, + i^00, (91) 

H= {Ho- 16cix)r + 4i(0 - ci) , (92) 

^ 9 2 7^ 2 3 ^ 400 

= -m^ + -Qr^ + - -4-, 93 
" 2 2^ 2 m2 ' ^ ^ 

$01 = ^(20-3m2), (94) 

$i2 = -^(20 + 3m2), (95) 

with the expressions for R, $00) ^22 and $02 being identical to those of the previous 
paragraph. 

As the Sachs transform destroys the reality conditions on the null-tetrad, it 
is to be expected that the two solution families will be related by a complex 
coordinate transformation, in combination with a possible complex transformation of 
the parameters and the free functions. Indeed such a transformation exists and one can 
verify that the KSi line-elements are obtained by applying the following operations to 
KS2: 

r mQ~^/^, m rg^/^ a bQ^^^, x -iQ^^^x + g, (96) 
ci iQci, g0o, ho Q^^^h - 16qcig, (97) 

with g{b) a solution of 

2g' + _ ,h^g + ^Q-i/2g2 ^ 0. (98) 

Q 
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5. Summary 

All KS space-times are constructed in which one of the integrability conditions f l40f4Tl ) 
(both of which were assumed to be valid in [T4]) are violated. This leads to the 
conformal classes of KSi and KS2 space-times discussed in paragraphs 3 and 4. Each 
of these classes is characterized by a single arbitrary function (Hq). In general none 
of the corresponding space-times admits any isometrics (when Hq is constant then a 
one-dimensional group of isometrics exists), but has a conformal representant {A4,g), 
admitting a Killing tensor with precisely one constant eigenvalue. The explicit form 
of the resulting space-times raises doubts about the correctness of the Hauser-Malhiot 
metrics [16] admitting a conformal Killing tensor with one constant eigenvalue. It is an 
open problem whether the classes KSi and KS2, together with the metrics presented 
in [H] and [20] exhaust the full set of KS space-times. There is also no guarantee that 
the classes KSi and KS2 discussed in the present paper have a conformal representant 
possessing any physically interesting interpretation. These issues will be dealt with in 
a forthcoming publication. 
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